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We study the steady state entanglement and correlations of an open system comprised of two
fermions coupling with the equilibrium or nonequilibrium environments. We find that for equilibrium
case, quantum correlations exhibit non-monotonic behavior with the increase of temperature and
quantum entanglement dies at finite temperature. Under nonequilibrium environments, the quantum
correlations can show monotonic or non-monotonic behavior upon the change of temperature or
chemical potential bias depending on the tunneling rate and the decay rate of the system. By tuning
the chemical potential of the environment, the quantum correlation of the system can be maximized
more efficiently than tuning the temperatures. In the equilibrium regime, the entanglement vanishes
to zero upon the increase of temperature or chemical potential. In the nonequilibrium case, there is a
transition point in the chemical potential above which the entanglement remains positive regardless
of the chemical potential bias of the two reservoirs. When the tunneling rate is small, quantum
correlations increase almost monotonically with the asymmetric setup of the two reservoirs. In the
large-tunneling regime, quantum correlations are non-monotonic with the change of bias between
the two reservoirs, while in the small-tunneling regime, they are monotonic. The transition from
the large-tunneling regime to the small-tunneling regime is discussed. In the intermediate tunneling
regime near the transition, the entanglement resurrects with the increase of chemical potential bias
after its previous drop to zero.
PACS numbers: PACS numbers here
I. INTRODUCTION
Entanglement is one of the most widely-used measures
of nonclassicality in a quantum system. Nevertheless,
in many cases unentangled states can also exhibit non-
classical behavior [1–3]. In particular, when dealing with
mixed states, the definition of entanglement can be gener-
alized to the weighted sum of the pure state entanglement
in the decomposition of the mixed states minimized over
all decomposition. This minimization forces the entan-
glement to vanish when a certain disorder of the system
is attained [4–7]. Thus augmenting measures of quan-
tum correlations other than entanglement may provide a
more complete picture to capture the difference between
the quantum and classical worlds [1, 3].
Quantum discord is used as a characterization of quan-
tum correlation in information theory, quantum comput-
ing and also biophysics due to its robustness with re-
spect to the noises from the environments. Although
its merit in characterizing the speedup of determinis-
tic quantum computation of one qubit was disputed
[15–17], it still plays an important role in quantify-
ing the quantum nature of a system beyond entangle-
ment. Quantum discord studies have many fertile ap-
plications in studying biological systems as photosynthe-
sis in the light-harvesting pigment-protein complexes and
∗xuanhua.wang@stonybrook.edu
†Corresponding Author: jin.wang1@stonybrook.edu
tunnelling through enzyme-catalysed reactions [22–26].
Despite its application, computing quantum discord is
a NP-complete problem [18]. Even for a general two-
qubit state, getting a closed analytical form of quantum
discord is still challenging. On the other hand, the con-
currence used for describing a four dimensional density
matrix is relatively simple and unambiguous. Many pre-
vious researches have explored the properties of quantum
discord with certain designated density matrices [11–13].
The discord in special cases such as a few-parameter fam-
ilies [9–11] and in ”X” form of density matrix in higher di-
mensions [8] have been calculated. Limited studies have
devoted to open system discord explorations [20]. Dis-
tinct behaviors of entanglement and discord were sug-
gested for simple two qubit system under environmental
bias [19, 20].
An advantage of discord over entanglement lies in its
robustness over decoherence in a dissipative environment.
Quantum open systems have exhibited many non-smooth
behaviors such as the sudden death of entanglement
[22, 33, 34] and transition from quantum to classical
world through decoherence of discord [31]. Such non-
smooth behaviors go beyond the relaxation process to
the steady states with the continuously changing environ-
mental parameters [12, 19, 20]. It was shown that while
entanglement manifests a ”sudden death”, the quantum
discord vanishes only in the asymptotic limit [19, 20, 32].
The system considered does not have any interactions
between its two subsystems, and thus all quantum cor-
relations vanish as the system relaxes to its steady state.
However, if the interactions are included between the two
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2parties as we will discuss in this paper, the results can
be different depending on the interaction strengths and
the conditions of the environments [19, 20].
In general, the relationships among quantum discord,
entanglement, and classical correlation are not yet quite
clear [4]. Though discord is sometimes interpreted as
a type of entanglement with nonclassical correlations,
this interpretation is not accurate as shown by many au-
thors [11, 12]. For maximally entangled Bell state or in
general any pure state, quantum mutual information is
evenly distributed among classical and quantum correla-
tions. In this case, quantum correlation is exactly equal
to the entanglement whereas classical correlation attains
its maximum value one[11, 12]. However, for general two-
qubit mixed states, the situation is more complicated.
We found that for the case of a system with two inter-
acting fermions, the quantum discord of a steady state is
always larger than the classical correlation, which is not
true in general [23]. In the high temperature regime, the
quantum discord and classical correlation coincide and
exponentially decrease as temperature increases.
In this work, we study the fermionic system coupled
with two separate bosonic or fermionic reservoirs. We
explore how information and quantum correlation of the
system react to the change of environment parameters
such as temperature (bias) and chemical potential (bias).
We compare different quantum correlation measures and
give the analytical expression of critical temperature
where the entanglement vanishes. We show that in a
dissipative fermionic system, entanglement can be larger
than quantum discord. In the equilibrium scenario, all
correlations have non-monotonic trend with respect to
temperature or chemical potential.
While both equilibrium and nonequilibrium cases show
non-monotonicity in quantum correlations, entanglement
vanishes abruptly as the temperature or chemical po-
tential increases. In contrast, quantum discord decays
only exponentially. For the nonequilibrium fermionic en-
vironments, quantum correlations do not necessarily van-
ishes as we enlarge the chemical potential of one of the
reservoirs (nonequilibrium environment). A transition
emerges at certain critical value of the chemical potential
above which the asymptotic entanglement remains finite,
otherwise zero. Our study suggests that the fermionic
bath fluctuations and the nonequilibrium bias from the
environments can enhance the entanglement and quan-
tum correlations. When the tunneling rate of the system
is extremely small, quantum correlations increase with
the asymmetry of the reservoirs. This is discussed in the
last section of the paper along with the near transition
phenomena. This is useful for the quantum computation,
quantum information and associated devices.
In section 2, we introduce the model and the quan-
tum master equation. In section 3, we briefly introduce
different quantum correlations that are relevant and the
necessary analytical calculations. In section 4, we anal-
yse the numerical results for the quantum correlations in
both bosonic and fermionic reservoirs when the system
is in equilibrium with the environment. In section 5, we
show the results for the nonequilibrium case and discuss
the connection with the heat current. Beside, we remark
on the different behavior of correlations due to small and
large tunneling rate compared with the system-bath cou-
pling strength. In the last section, we conclude our re-
sults and remark on the global behavior of the quantum
correlations and nonequilibrium enhancement.
II. MODEL
Reservoir 2 Reservoir 1Site 2 Site 1
Figure 1: Schematic illustration of the model under
consideration. The two fermion sites are either occupied
or empty with nonzero tunneling rate between them.
Each site is in contact with its own reservoir.
We consider a simplest model with two sites. Each
site can either adopt a fermon or be empty. The fermion
can tunnel through between the two sites with finite tun-
neling rate. Each site is immersed in its own reservoir
which can be either bosonic with zero chemical poten-
tial or fermionic. The diagrammatic illustration of our
model is shown in Fig 1. We take the Hamiltonian of the
following form:
HS = ω1η†1η1 + ω2η†2η2 + ∆(η†1η2 + η†2η1)
HR =
∑
k,p
~ωk (a†kpakp) +
∑
q,s
~ωq (b†qsbqs) (II.1)
where HS and HR represent the hamiltonian of the sys-
tem and the hamiltonian for the reservoirs, respectively.
∆ is the interaction strength between the two sites. η†1,2
and η1,2 are creation and annihilation operators on the
site 1(2) following the standard fermionic statistics
{ηa, η†b} = δab,
{ηa, ηb} = {η†a, η†b} = 0.
(II.2)
The interaction Hamiltonian between the system and
the reservoirs is denoted as
Hint =
∑
k,p
λk (η
†
1akp + η1a
†
kp) +
∑
q,s
λq (η
†
2bqs + η2b
†
qs)
(II.3)
3with λ being the interaction strength between the system
and the reservoir and a†kp(b
†
kp) the creation operator for
a particle of momentum k, polarization p from the reser-
voir. For bosonic reservoirs, the calculation serves as a
toy model for energy and heat transport [27] since it is not
possible from the first principle. A system cannot absorb
a boson and turn it into a fermion in the elementary par-
ticle level, the Hamiltonian can only be understood as
an effective Hamiltonian. For fermionic reservoirs, this
model can be used to describe charge transport [28]. We
can diagonalize the Hamiltonian with the following trans-
formation,
~ζ =
(
cos(θ/2) sin(θ/2)
− sin(θ/2) cos(θ/2)
)
~η (II.4)
where cosθ =
w2 − w1√
(w1 − w2)2 + 4∆2
. After the disgonal-
ization,
HS = w′1ζ†1ζ1 + w′2ζ†2ζ2 (II.5)
with w′1,2 =
1
2 (w1 + w2 ±
√
(w1 − w2)2 + 4∆2) and ζ1,2.
ζ†1,2 satisfy the same anti-commutation relation as II.2.
After this Bogoliubov transformation, this model effec-
tively describes two uncoupled fermion sites with the en-
ergies to generate one of the fermions ω′1 and another
fermion ω′2, respectively. Bogoliubov transformation does
not change the commutation relation. In the new basis,
ζa and ζ
†
b still have the same commutation relation as the
ηa and η
†
b . The interaction Hamiltonian can be written
as
Hint =
∑
k,p
λk((sζ
†
1 + cζ
†
2)akp + (cζ
†
1 − sζ†2)bkp) + h.c.,
(II.6)
where c = cos(θ/2) and s = sin(θ/2).
A. Master Equation
With the Born approximation, the density matrix ρSR
for the whole system can be factorized into the follow-
ing form when the interaction between the systems and
environment are assumed to be weak,
ρ˜SR(t) ≈ ρ˜S(t)⊗ ρ˜R (II.7)
where ρ˜S(t) is the density matrix for the isolated system
and ρ˜R for the isolated reservoirs. We ignore the vari-
ance in the reservoirs, i.e. ρ˜R(t) ≈ ρR(0) = ρR. When
the Markovian approximation is assumed, the quantum
master equation (QME) can be written as follows [48]
dρ˜S(t)
dt
= − 1
~2
TrR
∫ t
0
ds
[
H˜int(t), [H˜int(s), ρ˜S(t)⊗ ρR(0)]
]
(II.8)
where H˜int ≡ eiH0t/~Hinte−iH0t/~ is the interaction
Hamiltonian in the interaction picture, Hint is the in-
teraction Hamiltonian in the Schro¨dinger picture and
H0 = HS+HR. The results we show in this paper are all
in Schro¨dinger picture, in this picture the master equa-
tion reads
ρ˙S(t) =
i
~
[ρS , HS ]− 1~2 e
−iHSt · TrR
∫ t
0
ds
[H˜int(t), [H˜int(s), ρ˜S(t)⊗ ρR(0)]eiHSt. (II.9)
In the energy eigenbasis, QME takes the form
ρ˙mn =
i
~
(En − Em)ρmn − 1~2 e
i(En−Em)t·
〈m|TrR
∫ t
0
ds
[
H˜int(t), [H˜int(s), ρ˜S(t)⊗ ρR(0)]
]
|n〉
(II.10)
The environment in our consideration is macroscopic
and has a much shorter relaxation time compared to the
system’s characteristic time scale. Thus we ignore the
back reaction from the reservoir to our system. We trace
out the environmental contributions to the full density
matrix to obtain the reduced density matrix of our sys-
tem. For an ideal bosonic or a fermionic environment,
the following results hold
TrR(ρR a
†
kas) = δksnk
TrR(ρR aka
†
s) = δks(1± nk)
TrR(ρR akas) = TrR(ρR a
†
ka
†
s) = 0,
(II.11)
where plus sign is for bosonic bath with occupation num-
ber nk =
1
e~βω − 1 , and minus sign is for fermioic bath
with nk =
1
e~β(ωk−µ) + 1
.
One of the most typical ways of dealing with quan-
tum open system is to apply Lindblad operator and solve
the corresponding master equation, for example [19, 20].
However, the master equations in the Lindblad form ig-
nore certain population and coherence couplings and as-
sume extra time scale hierarchy that is not necessarily
applicable in our case. The coherence and population
couplings are important for the system in the nonequi-
librium environments. In our study, we will apply Marko-
vian approximation but without secular approximation.
This gives arise to the Bloch-Redfield equation. The
Bloch-Redfield equation captures the coupling between
the population and coherence, but with a problem of
positivity [38]. In our study, we stick with the param-
eter regions where the density matrix is positive definite.
The result of the quantum master equation is displayed
as follows,
ρ˙S(t) = i[ρS , HS ]−D0[ρ]−Ds[ρ], (II.12)
where
D0[ρ] =
2∑
i=1
Ni[ρ], Ds[ρ] =
2∑
i=1
Si[ρ]. (II.13)
4The dissipator D0 describes the particle exchanges with
the reservoirs, and Ds gives the coherence between en-
ergy levels of the system which is absent in the Lindblad
formalism. For bosonic reservoirs, D0 and Ds are defined
as follows,
N1[ρ] = Γ1 · s2 [(1± nT11 )(ζ†1ζ1ρ˜+ ρ˜ζ†1ζ1 − 2ζ1ρ˜ζ†1) + nT11 (ζ1ζ†1 ρ˜+ ρ˜ζ1ζ†1 − 2ζ†1 ρ˜ζ1)]
+ Γ2 · c2 [(1± nT12 )(ζ†2ζ2ρ˜+ ρ˜ζ†2ζ2 − 2ζ2ρ˜ζ†2) + nT12 (ζ2ζ†2 ρ˜+ ρ˜ζ2ζ†2 − 2ζ†2 ρ˜ζ2)], (II.14)
and
S1[ρ] = Γ1 · s · c [(1± nT11 )(ζ†2ζ1ρ˜+ ρ˜ζ†1ζ2 − ζ2ρ˜ζ†1 − ζ1ρ˜ζ†2) + nT11 (ζ2ζ†1 ρ˜+ ρ˜ζ1ζ†2 − ζ†2 ρ˜ζ1 − ζ†1 ρ˜ζ2)]
+ Γ2 · s · c [(1± nT12 )(ζ†1ζ2ρ˜+ ρ˜ζ†2ζ1 − ζ1ρ˜ζ†2 − ζ2ρ˜ζ†1) + nT12 (ζ1ζ†2 ρ˜+ ρ˜ζ2ζ†1 − ζ†1 ρ˜ζ2 − ζ†2 ρ˜ζ1)]. (II.15)
where ω′a is the energy eigenvalue of the system and s
and c are the short from for sin(θ/2) and cos(θ/2) de-
fined in II.4. Plus signs are for bosonic reservoirs and
minus signs for fermionic reservoirs. Due to the rapid os-
cillation of field modes, we apply the Weisskopf-Wigner
approximation, expand the time integral to infinity and
replace the summation in the interaction Hamiltonian by
integration. Then, the decay rates are defined as
Γi ≡ 2V
(2pi)3
pi
∫
d3~k λ2~k δ(ω
′
i − ωk) (II.16)
The number density is defined as follows. For the bosonic
bath, nTik =
1
e~βiω
′
k − 1 , and for fermionic bath n
Ti
k =
1
eβi(ω
′
k−µi) + 1
. The N2[ρ] and S2[ρ] differ from N1[ρ]
and S1[ρ] by replacing the T1 in the above expressions
with T2, the c with −s and s with c.
The solution of the master equation has two uncoupled
parts, ρ11, ρ22, ρ33, ρ44, ρ23, ρ32 and the rest. The off-
diagonal components, except ρ23 and ρ32, are uncoupled
with the population components, and thus they vanish
in the steady state. Therefore, we only consider the ”X”
form of the density matrix
ρ =
ρ11 0 0 00 ρ22 ρ23 00 ρ32 ρ33 0
0 0 0 ρ44
 . (II.17)
When studying the correlation between the two sites, we
need to transform the density matrix from the energy
eigenbasis back to local site basis. The density matrix in
the local basis can be achieved from the above through a
unitary transformation. The explicit form is given in the
Appendix A.
B. Eigenstates and connection with the spin
operator
1. Relation to the classical spin
Spin- 12 system and fermionic system can be mapped
into one another through Jordan-Wigner transformation.
For a fermionic system, i.e. two holes which admit either
zero or one fermion, the original Hamiltonian can be pre-
sented in the language of spin system. We take the local
basis
|0〉 ⊗ |0〉, |0〉 ⊗ |1〉, |1〉 ⊗ |0〉, |1〉 ⊗ |1〉 (II.18)
and the creation operators take the form
η†1 = σ
+ ⊗ 1, η†2 = σz ⊗ σ+
η1 = σ
− ⊗ 1, η2 = σz ⊗ σ−
(II.19)
where σ+ and σ− are the raising and lowering operators
for the spin system, σz is the Pauli spin matrix. The
creation and annihilation operators follow the fermionic
anticommutation relation,
{ηa, η†b} = δab, {ηa, ηb} = {η†a, η†b} = 0. (II.20)
The system Hamiltonian thus can be transformed into
the following form
HS = ω1 σ+σ− ⊗ 1 + ω2 1⊗ σ+σ−
+ ∆(σ+σz ⊗ σ− + σzσ− ⊗ σ+), (II.21)
and the interaction Hamiltonian can be written out ac-
cordingly.
2. Eigenbasis
We set our notation for basis in the following way. The
eigenstate corresponding to zero energy, denoted by |00〉,
5is the one which can be annihilated by both ζ1 and ζ2.
The highest energy eigenstate corresponding to w′1 +w
′
2,
denoted by |11〉, is the one that can be annihilated by
both ζ†1 and ζ
†
2 . In the local basis, they are identified
under the above requirements to the states as |0〉 ⊗ |0〉
and |1〉⊗|1〉, respectively. Applying (II.19), we now have
our four eigenstates defined as follows
|1〉 = ζ1|10〉 = ζ2|01〉 = |0〉 ⊗ |0〉
|2〉 = ζ†1 |00〉 = ζ2|11〉 = c |1〉 ⊗ |0〉 − s |0〉 ⊗ |1〉
|3〉 = ζ†2 |00〉 = −ζ1|11〉 = −s |0〉 ⊗ |1〉 − c |1〉 ⊗ |0〉
|4〉 = −ζ†1 |01〉 = ζ†2 |10〉 = |1〉 ⊗ |1〉,
(II.22)
and with eigenvalues 0, ω′1, ω
′
2, ω1 + ω2. Notice that
the gound state and the most excited eigenstate in our
definition are local, while the other two are nonlocal.
For simplicity, we consider the symmetric case ω1 =
ω2 = ω, and with the following transformation
~ζ =

1√
2
1√
2
− 1√
2
1√
2
 ~η, (II.23)
the Hamiltonian can be simplified to
HS = (ω + ∆)ζ†1ζ1 + (ω −∆)ζ†2ζ2. (II.24)
Without consideration of the system-reservoir interac-
tion, the eigenstate annihilated by ζ2 has energy ω + ∆
and the state annihilated by ζ1 has energy ω −∆. Since
the local basis
|0〉 ⊗ |0〉, |0〉 ⊗ |1〉, |1〉 ⊗ |0〉, |1〉 ⊗ |1〉 (II.25)
form a complete basis set, the energy eigenbasis can be
expressed in terms of the four state vectors. The energy
eigenstate, which can be written as a linear combina-
tion of the four states, can be solved by requiring that
HS |n′〉 = w′n |n′〉. The eigenbasis and the corresponding
energies are listed as follows,
|0〉 ⊗ |0〉 E1 = 0 (II.26)
1√
2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉) E2 = ω′1 = ω −∆ (II.27)
1√
2
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉) E3 = ω′2 = ω + ∆ (II.28)
|1〉 ⊗ |1〉 E4 = 2ω. (II.29)
III. CORRELATION MEASURES OF TWO
FERMIONS
The feature of correlation of a bipartite system can be
captured by many physical quantities such as quantum
mutual information, quantum discord, entanglement, as
well as classical correlation. In this paper, we study
the system correlation by these measures. When talking
about correlation, we work in local basis and the sub-
script ”local” will be neglected in this section.
A. Concurrence
Concurrence was derived from entanglement formation
and is an entanglement measure that was introduced for
describing two-qubit systems by Wootters [40]. We will
borrow this concept for our study as the density matrix
has the same dimension. There are several related stud-
ies on concurrence for e.g. two qubit system, three-level
system [41, 45, 46]. The concurrence for a four dimen-
sional density matrix (for example, two-qubit systems) is
given by
E(ρ) = Max(0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4) (III.1)
where λi are the eigenvalues of the Hermitian matrix R
in the descending order where
R = ρ(σy ⊗ σy)ρ∗(σy ⊗ σy). (III.2)
For the ”X” type density matrix that is related to our
study, it can be easily calculated that the concurrence
reduces to the following simple expression
E(ρ) = 2 Max(0, |ρ23|−√ρ11ρ44, |ρ14|−√ρ22ρ33). (III.3)
B. Quantum mutual information and classical
correlation
Quantum discord Q, which reflects the quantum cor-
relations between the two subsystems, was introduced by
Ollivier and Zurek in 2001 [37]. They found that even for
a separable state, a measurement on the subsystem can
still disturb the whole system unless Q=0. It is defined
to be the difference between two generalizations of clas-
sical mutual information, namely, the quantum mutual
information and the classical correlation.
The quantum mutual information (QMI) is a direct
generalization of classical mutual information and is de-
fined as follows. Let ρAB denotes the density operator of
a bipartite system AB, and ρA(B) = TrB(A)(ρ
AB) is the
reduced density operator of the subsystem A(B), respec-
tively. Then the QMI can be expressed as
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) , (III.4)
where S(ρ) = −tr (ρ log2 ρ) is the von Neumann entropy.
It is shown that quantum mutual information is the max-
imum amount of information that A can send securely
to B if A and B share a correlated composite quantum
system and AB is used as the key for a one-time pad
cryptography system [44].
Another generalization of classical mutual information
is the classical correlation (CC) and is defined as below.
Let Bk be a set of one-dimensional projection measure-
ment performed on subsystem B, the conditional density
operator ρk associated with the measurement result k is
ρk =
1
pk
(I ⊗Bk)ρ(I ⊗Bk), (III.5)
6where pk = tr(I⊗Bk)ρ(I⊗Bk), I is the identity operator
on the subsystem A.
The von Neumann measurement for subsystem B can
be written as [11]
Bi = V Πi V
† : i = 0, 1 (III.6)
where
∏
i = |i〉〈i| is the projector associated with the
subsystem B along the computational basis |i〉, and V ∈
SU(2) is a unitary operator.
With this conditional density operator, the quantum
conditional entropy with respect to this measurement is
defined by
S(ρ|{Bk}) :=
∑
k
pkS(ρk), (III.7)
and the associated quantum mutual information is given
by
I(ρ|{Bk}) := S(ρA)− S(ρ|{Bk}). (III.8)
Classical correlation is defined as the superior of
I(ρ|{Bk}) over all possible von Neumann measurement
Bk [43],
C(ρ) := sup
{Bk}
I(ρ|{Bk}). (III.9)
C. Quantum discord
The sum of quantum discord Q(ρ) and classical corre-
lation C(ρ) is the quantum mutual information I(ρ), and
thus Q(ρ) is then given by
Q(ρ) := I(ρ)− C(ρ). (III.10)
The quantum discord in general is not symmetric regard-
ing to which system is the operator performed upon, i.e.
I(ρ|{Bk}) 6= I(ρ|{Ak}) even in their limits. In this arti-
cle we will stick with the above definition and the condi-
tional entropy is defined with respect to the measurement
on the subsystem Site 2 as is shown in Fig 1.
The quantum discord of Bell-diagonal states was stud-
ied [29]. The analytical expressions for classical correla-
tion and quantum discord are available for two-qubit Bell
diagonal state and a seven-parameter family of two-qubit
X states [11, 12]. For a general Hermitian operator act-
ing on a C2⊗C2, the density matrix can be decomposed
using the tensor products of su(2) generators, i.e.
ρ =
1
4
[I⊗I+r · σ⊗I+I⊗s · σ+
3∑
i,j=1
cijσi⊗σj ] (III.11)
where coefficient cij ∈ R3. For the class of ”X” state, the
Bloch vector is along the z-axis, and the above expression
can be simplified to
ρ =
1
4
[I⊗I+r ·σz⊗I+I⊗s ·σz+
3∑
i=1
cijσi⊗σj ] (III.12)
with c13 = c23 = c31 = c32 = 0. Quantum discord is
invariant under the local unitary transformations. It can
be easily shown that every general 2×2 state of the form
III.12 can be reduced to a form of which the coefficients
cij ∈ R3are diagonal by a local unitary transformation,
i.e.,
Theorem 1 ∀ cij ∈ R, there exists unitary matrices U
and V such that U ⊗ V (∑3i,j=1 cijσi ⊗ σj)U† ⊗ V † =∑3
m=1 cmσm ⊗ σm for some cm’s.
The proof of the above statement can be found in many
literature, e.g. [11] and we will not elaborate here.
D. Quantum mutual information, classical
correlation and discord in our case
In the case of our study, the explicit calculation for
quantum mutual information, quantum discord and clas-
sical correlation is given below. In order to diagonalize
the coefficients cij , we define the following unitary trans-
formations,
Lθ(σx) ≡ eiθσzσxe−iθσz = cos 2θ σx − sin 2θ σy
Lθ(σy) ≡ eiθσzσye−iθσz = sin 2θ σx + cos 2θ σy
Lθ(σy) ≡ eiθσzσze−iθσz = σz (III.13)
where the parameters θ and ψ solve the following equa-
tion
Lθ ⊗ Lψ(
3∑
i=1
cijσi ⊗ σj) = (
3∑
i=1
giσi ⊗ σi). (III.14)
The solution is not unique and we pick the simplest one
for the calculation
cos(2θ) =
=(ρ23)
|ρ23| , sin(2θ) =
<(ρ23)
|ρ23| , (III.15)
where =(ρij) denotes the imaginary part of the matrix
element ρij and <(ρij) denotes the real part. After the
transformation, the population terms keep intact and the
coherence terms return their magnitudes, i.e.
ρ =
ρ11 0 0 00 ρ22 |ρ23| 00 |ρ32| ρ33 0
0 0 0 ρ44.
 (III.16)
The density matrix belongs to real-valued four-parameter
family, and it can be decomposed in the following form,
ρ =
1
4
[I ⊗ I + r · σz ⊗ I + s · I ⊗ sσz +
3∑
i=1
ciσi ⊗ σi].
(III.17)
7where r, s and c3 can be solved as follows,
s = (ρ11 − ρ22) + (ρ33 − ρ44)
r = (ρ11 + ρ22)− (ρ33 + ρ44)
c1 = c2 = 2|ρ23|
c3 = (ρ11 − ρ22)− (ρ33 − ρ44).
(III.18)
The eigenvalues of the density matrix ρ can be computed
as,
λ1,2 =
1
4 [1− c3 ±
√
(r − s)2 + (c1 + c2)2],
λ3,4 =
1
4 [1 + c3 ±
√
(r + s)2 + (c1 − c2)2],
and the quantum mutual information is given by
I(ρ) = S(ρA) + S(ρB) +
4∑
i=1
λi log2 λi (III.19)
where S(ρA) and S(ρB) are given by S(ρA) = 1 + f(r),
S(ρB) = 1 + f(s) and f(t) = − 1−t2 log2(1 − t) −
1+t
2 log2(1 + t).
The quantum discord of the above density matrix was
first studied analytically [11] [12] and was explicitly ex-
emplified [13]. It turns out that the possible maximal
values in the optimization process of calculating classical
correlation only take place in several special places and
the result is as follows. For any state ρ of the form III.16,
the classical correlation of ρ is given by
C(ρ) = S(ρA)−min{S1, S2}, (III.20)
where
S1 = S(ρ|{Bi}) = p0S(ρ0) + p1S(ρ1)
= −1 + r + s+ c3
4
log2
1 + r + s+ c3
2(1 + s)
− 1− r + s− c3
4
log2
1− r + s− c3
2(1 + s)
− 1 + r − s− c3
4
log2
1 + r − s− c3
2(1− s)
− 1− r − s+ c3
4
log2
1− r − s+ c3
2(1− s) , (III.21)
and
S2 = 1 + f(
√
r2 + c21), (III.22)
where f(t) = − 1−t2 log2(1− t)− 1+t2 log2(1 + t). And the
quantum discord is given by
Q(ρ) = I(ρ)− C(ρ). (III.23)
IV. QUANTUM ENTANGLEMENT, MUTUAL
INFORMATION AND DISCORD FOR
FERMIONIC SYSTEM IN EQUILIBRIUM
ENVIRONMENTS
For the fermionic system in equilibrium environments,
the master equation can be solved exactly. We set the
two reservoirs at the same temperature and the same
chemical potential. At the long time limit, the system
will relax to reach the equilibrium with the reservoirs
preserving the detailed balance.
A. Bosonic Reservoirs
For bosonic reservoirs, we will focus on the case where
the chemical potentials of the reservoirs are zero and the
two fermions of the system share the same ground state
energy, i.e. ω1 = ω2. We set the temperatures of the
two reservoirs to be equal, i.e. T1 = T2 and solve for
the equilibrium solution of the reduced density matrix.
In equilibrium with the bosonic reservoirs, the coherence
terms of the reduced density matrix for the system vanish
and the population in energy basis is given as follows,
ρ11 =
(1 + n1)(1 + n2)
(1 + 2n1)(1 + 2n2)
ρ22 =
(n1)(1 + n2)
(1 + 2n1)(1 + 2n2)
ρ33 =
(1 + n1)(n2)
(1 + 2n1)(1 + 2n2)
ρ44 =
(n1)(n2)
(1 + 2n1)(1 + 2n2)
,
(IV.1)
where ni = n(ω
′
i, T ) is the population density and
(1 + 2n1)(1 + 2n2) on the denominator serves as the nor-
malization factor. The population density above can be
simplified to a more recognizable form,
ρ11 =
e~β(ω
′
1+ω
′
2)
Z
, ρ22 =
e~βω
′
2
Z
,
ρ33 =
e~βω
′
1
Z
, ρ44 =
1
Z
,
(IV.2)
where Z is a normalization factor. The density matrix
returns to the result of classical statistics where ρi ∝
e−βEi in the energy basis, which is expected. There is
no coherence term as the result of the decoherence, and
the non-vanishing entanglement of the system (see Fig 2)
comes from the non-locality of the eigenbasis.
Analysis of the solution shows that with the increase
of temperature, all of the quantum correlations we con-
sidered, concurrence, discord, classical correlation and
mutual information exhibit non-monotonic behavior (see
Fig 2). This is easy to understand. At very low temper-
ature, the system which is in equilibrium with the envi-
ronment, is in its ground state. From previous results
II.22, the ground state of the system |0〉 ⊗ |0〉 is local,
which represents no fermion in either site. We expect
no quantum correlation in the system of any sort. As
the temperature increases, the delocalized excited state
becomes more and more dominant. The correlations in-
crease accordingly. In a mixed state, the division be-
tween quantum and classical correlation is obscure, and
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Figure 2: Equilibrium bosonic reservoirs. (a) QMI
(green), quantum discord (blue) and CC (orange) Vs
temperature (logarithmic scale in the subgraph). (b)
Concurrence (red) and quantum discord (blue) and blue
Vs T. The parameters are set to ∆ = 0.3,
Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
QD and CC has qualitatively similar trend of increasing
or decreasing, as shown in Fig 2(a). In the high temper-
ature limit however, all quantum correlations are washed
out by the environment and both mutual information and
discord decay exponentially.
On the other hand, the entanglement witnessed a sud-
den disappearance of it at finite temperature as shown in
Fig 2(b). Many abrupt changes of entanglement in the
open systems has been reported by many previous stud-
ies [22, 31, 33, 34]. The disappearance of entanglement
is due to the increase of the disorder of the system when
temperature is high. Though the entanglement vanishes,
the system is still correlated non-classically. This means
any local measurement on the subsystem will perturb the
density matrix of the whole system [3].
The concurrence for this given setup E(ρ) =
2 Max(0, |ρ23| − √ρ11ρ44) can be solved easily. The off-
diagonal term ρ23 in the local basis representation is di-
rectly related to the population terms in the energy basis
in the following way ρ23 = (ρ
′
33 − ρ′22)/2 where ρ′22 and
ρ′33 are in the energy representation given in IV.2. The
concurrence can be simplified to the following form
E(ρ) = e
βω
Z
Max(0, eβ∆ − e−β∆ − 2), (IV.3)
which increases monotonically with the site coupling
strength ∆, and it vanishes when the coupling term be-
tween the two fermions is weak, i.e. ∆ < T ln(1 +
√
2),
or equivalently, when the temperature exceeds the inter-
action strength
T > ∆/ ln(1 +
√
2), (IV.4)
then the system is disentangled. Quantum discord is
more robust with respect to the noise from the environ-
ment, which suggests that though the system is disen-
tangled when the environment has temperatures slightly
above the threshold temperature, the system is still not
classical with non-zero quantum correlation. The mea-
surements still disturb the behavior of the system as the
quantum.
B. Fermionic Reservoirs
For fermionic environment, we set the two reservoirs at
the same temperature and the same chemical potential.
We can solve for the equilibrium state of the system, and
the population density is given as follows,
ρ11 = (1− n1)(1− n2)
ρ22 = n1(1− n2)
ρ33 = (1− n1)n2
ρ44 = n1n2,
(IV.5)
where ni = n(ω
′
i, T ) is the fermionic occupation number.
It is easy to check that thees diagonal density matrix ele-
ments also satisfy the classical grand canonical ensemble
distribution ρi ∝ e−βEi−µi .
When the chemical potential is small, the system is al-
most identical to the system in the bosonic reservoir in
the low temperature region as nboson(T, ω) =
1
eβω−1 ≈
nfermion(T, ω, µ = 0) when ω/T  1 (see Fig 3(a)). As
we increase the chemical potential of the two baths, the
peak of the quantum correlations gradually move to the
left until the non-monotonicity completely disappears as
is shown in Fig 3(b,c). Intuitively, this can be under-
stood as follows. When the chemical potential increases,
the system can capture a fermion more easily from the
reservoirs. Due to the tunneling between the two fermion
sites, the system gets entangled and correlated. When
the chemical potential is close to the energy cost of cre-
ating a fermion on the sites, it reaches resonance and
quantum correlations are maximized. At the resonant
point, thermal fluctuations only play a negative role to
the quantum correlation since they wash out the reso-
nance.
The turning point in chemical potential can be calcu-
lated by requiring,
lim
T→0
d E(ρ(T, µ))
d T
< 0 (IV.6)
and solve for µ. The above inequality gives the turning
point,
µ∗ = ω −∆, (IV.7)
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Figure 3: Equilibrium fermionic reservoirs. (a) The concurrence (orange) and QD (blue) Vs T with µ1 = µ2 = 0.5
(solid) and µ1 = µ2 = 0 (dashed). (b) Loss of non-monotonicity of QD. (c) Loss of non-monotonicity of concurrence.
The turning point is µ = 0.7. (d) Concurrence with chemical potential with temperature 0.05(blue), 0.1(orange) and
0.3(dashed). (e) CC (orange) and QD (blue) Vs µ with T=0.3 (solid) and T=0.1 (dashed). (f) QD (blue) and
concurrence (orange) Vs µ with T=0.3 (solid) and T=0.1 (dotted).
beyond which entanglement only decreases with the tem-
perature. This chemical potential can be calculated ex-
actly for the entanglement, and we can check numeri-
cally that the same turning point applies to quantum
discord, QMI and CC as well. At this value, the system
is in resonance with the lowest non-local eigenstate of
the system. And if there is no thermal effect, i.e. T= 0,
the system will in the maximal entangled state where
E(ρ) = Q(ρ) = 1 (see Fig 3(d)). As the reservoir gets
hot, the degrees of freedom from the environment washes
out the coherence between the two fermions.
Quantum correlations decay exponentially as µ moves
away from the resonant range [ω′1, ω
′
2]. As an example
we plot the concurrence in Fig 3(c)). The exponential
behavior of correlations in the low temperature can be
understood intuitively as follows. In equilibrium, the sys-
tem and the reservoirs as a whole share the same chemical
potential and temperature. When T  1, the expecta-
tion value of the particle number on the two non-local
energy levels are
ni(µ, β) =
1
eβ(ω
′
i−µ) + 1
≈ eβ(µ−ω′i)θ(ω′i−µ), (IV.8)
where θ is a step function. When µ < ω′1, the occu-
pation number n2(µ, β)  n1(µ, β) is of higher order
of 1/β, and thus is negligible. The occupation num-
ber n1(µ, β) ≈ eβ(ω′i−µ) exponentially increases. When
ω′1 < µ < ω
′
2, the chemical potential is enough to offer
one fermion of energy ω′1 but not enough for ω
′
2 fermion.
Thus, at T  1, n1(µ, β) = 1 and n2(µ, β) = 0. The
system is essentially in the Bell state which is maxi-
mally entangled. When µ > ω′2, the system will move
to the nearly fully occupied state |1〉 ⊗ |1〉, which is lo-
calized. 1 − n1(µ, β)  1 − n2(µ, β) = 1, the num-
ber of vacancy on the state of energy ω′2 is 1 − ω′2 =
eβ(ω
′
2
eβ(ω
′
2−µ) + 1
≈ eβ(ω′2−µ). When the temperature is low,
the two sharp turning points correspond to µ1 = µ2 = ω
′
1
and µ1 = µ2 = ω
′
2. As temperature increases, the sharp
turnings are smoothed out, and the decay behavior is no
longer exponential.
Quantum discord, mutual information and classical
correlation all decay exponentially with the increase of
temperature. In contrast, concurrence disappears at a fi-
nite temperature. It can be shown that the concurrence
is
E(ρ) = Max(0, e
β(ω′1−µ) − eβ(ω′2−µ) − 2e 12β(ω′1+ω′2)−βµ
(eβ(ω
′
1−µ) + 1)(eβ(ω′2−µ) + 1)
),
(IV.9)
and it vanishes at the same threshold temperature
T = ∆/ ln(1 +
√
2) (IV.10)
as in the bosonic reservoir case, which is independent of
the chemical potentials.
In the majority of the parameter regimes, the discord
is larger than concurrence, however, it is not always true
as is shown in Fig 3(f). In the low temperature region,
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when µ ≈ 1, entanglement can be larger than quantum
discord. This directly suggests that the discord can not
be simply understood as entanglement plus some other
non-classical correlations as were pointed out in many
studies, e.g. [2, 11, 12]. Instead, the discord should be
treated as an independent measure for the correlations
due to the non-commutative nature of quantum mechan-
ics.
Comparing with tuning the temperature of the reser-
voirs to generate quantum correlation in the system, tun-
ing the chemical potential can more directly influence the
particle occupation on the two non-local states, generat-
ing the correlations with higher and narrower peaks, see
Fig 3(e,f). Thermal excitation generates the correlation
by perturbing the ground state, and distribute the par-
ticle more equally on all four states. Chemical potential
generate the correlations through matching the energy
of the system with the reservoirs. The maxima of the
discord and concurrence all appear at the resonant point
when µ = (ω′1 + ω
′
2)/2 at finite temperature.
V. QUANTUM ENTANGLEMENT, MUTUAL
INFORMATION, AND DISCORD FOR
FERMIONIC SYSTEM IN NONEQUILIBRIUM
ENVIRONMENTS
In the last section, we explored the equilibrium behav-
ior of the system when both reservoirs are set to the same
temperature and chemical potential. By setting the two
reservoirs at different temperatures and chemical poten-
tials, the system gradually evolves into the nonequilib-
rium steady state. The nonequilibrium steady state is
featured by the constant flux of fermions between the
two sites, and between the system and the reservoir. See
Appendix C for a more detailed description. For a mi-
croscopic system the relaxation to the steady state can
happen extremely rapidly, and we will only focus on the
steady state properties.
For the nonequilibrium steady state, one of the most
apparent changes is the appearance of the off-diagonal
coherence terms in the density matrix of the system in
the energy basis. This means that the steady state is not
anymore ”classical” in energy basis as is the case in equi-
librium situation. In this section we will see how non-
quilibriumness can influence the quantum correlations.
We notice that some of the previous studies have shown
that non-equilbriumness can enhance both the coherence
and the entanglement of two qubits or a nanosystem in
thermal or chemical reservoirs [19, 41, 46, 47].
A. Bosonic Reserviors
1. Analytic solution
The exact solution of the quantum master equation of
the density matrix in bosonic baths is somewhat compli-
cated, the solution is given in the Appendix B 1. Here, we
present the solution up to the leading order in the ratio
of interaction strength of system-reservoir and tunneling
rate. Therefore it is only valid when the interaction be-
tween the system and the environment is very weak. For
the system with bosonic reservoirs,
ρ11 =
(2 + n1p)(2 + n2p)
4((1 + n1p)(1 + n2p)
+O( Γ
ω′1 − ω′2
)
ρ22 =
n1p(2 + n2p)
4(1 + n1p)(1 + n2p)
+O(g2)
ρ33 =
(2 + n1p)n2p
4(1 + n1p)(1 + n2p)
+O(g2)
ρ44 =
n1pn2p
4(1 + n1p)(1 + n2p)
+O(g2)
ρ23 = i
n1m(1 + n2p) + n2m(1 + n1p)
2(1 + n1p)(1 + n2p)
g +O(g2),
(V.1)
where nip = n(ω
′
i, T1) + n(ω
′
i, T2), nim = n(ω
′
i, T1) −
n(ω′i, T2) and g =
Γ
ω′1−ω′2 .
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Figure 4: (a) Energy current Vs ∆T with T1=0.2.
∆ =0.3, 0.1, 0.05 from top to bottom for bosonic
reservoirs. (b) ρl,22 (blue) and ρ˜l,22 (orange) Vs T1 with
∆T=0.4. The parameters are set to ∆ = 0.3,
Γ1 = Γ2 = 0.05, ω1 = ω2 = 1 unless otherwise specified.
Comparing with the equilibrium solution, we find that
the leading order population terms return to the form of
the equilibrium solution if we make the following substi-
tution,
ni(Ti,eff ) ≡ 1
2
nip =
ni(T1) + ni(T2)
2
. (V.2)
Since |T1,eff − T2,eff |  Ti,eff in almost all situations,
if we ignore the coherence term, the system in nonequi-
librium condition with temperature T1 and T2 is almost
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identical to the system in equilibrium condition with an
effective temperature Ti,eff .
The only term that has a direct relationship to
nonequilibrium condition is the coherence term ρ23,
which is proportional to the difference in the occupa-
tion numbers of the two reservoirs nim =
ni(T1)−ni(T2)
2 .
The coherence term only appears in nonequilibrium sit-
uation and is proportional to nim to all orders (reference
B 1). This means that nonequilibriumness enhances the
coherence in energy representation. The imaginary part
of the coherence term ρ23 in the energy basis also ap-
pears in the coherence in the local basis A.2 and boosts
the coherence between two local sites. ρ23 is can be ig-
nored except when the tunneling rate is not too large,
i.e. g = Γω′1−ω′2 6 1. Then the approximate solution is
no longer very accurate.
2. Numerical result and analysis
For both fermionic or bosonic environment, when set-
ting the reservoirs (R1, R2) at the same chemical po-
tential and different temperatures (say T1 >T2), the ex-
pected particle number on site S1 is larger than S2. In
terms of matrix elements, it means ρl,22 > ρl,33 (”l” rep-
resents ”local basis”). However, comparing with equilib-
rium solution, the particle on site S1 is smaller than that
in the equilibrium case with R1 at T1, i.e. ρl,22 < ρ˜l,22,
where ρ˜l,22 is the density matrix element in the equi-
librium scenario at T1, see Fig 4(b). This means that
comparing with the equilibrium case, the particle on site
S1 has a nonzero net flow of particles to S2 as is drawn
in Fig 4(a). Similarly, ρl,33 > ρ˜l,33, where ρ˜l,33 is in the
equilibrium case calculated at T2. S1 accepts fermions
from the high temperature reservoir R1 and transports
the fermions to S2 and then to R2. In steady state, the
energy flowing into S1 has to be equal to that out from
S2 to R2 in order to maintain the steady state. An in-
troduction to energy current is given in Appendix C.
In the Fig 5(a), the ”rainbow” diagram, we keep the
average temperature of the two reservoirs fixed and plot
the quantum discord against the change of the temper-
ature bias of the two reservoirs, at the temperatures
Tavg ± δT , respectively. We can see from ni(Teff ) =
ni(Tavg+δT )+ni(Tavg−δT )
2 , the effective temperature
Ti,eff = ω
′
i/ log (
2
ni(Tavg + δT ) + ni(Tavg − δT ) + 1)
(V.3)
increases monotonically with the temperature bias δT .
We notice at zero temperature bias, the system already
has a sizable amount of discord. The increase or decrease
of discord in the plot is mainly due to the average thermal
temperature change of the two reservoirs. Through anal-
ysis of Fig 2, we concluded that the quantum discord
increases with equilibrium temperature roughly when
T< 0.3 and decreases when T> 0.3. Since Teff is δT
monotone, we expect the similar change of monotonicity
at roughly Tavg = 0.3 with δT . This is shown in Fig
5(a), the monotonicity of the discord with δT changes
when the average temperature is close to 0.3.
In Fig 5(b), the temperature of one reservoir is kept
fixed at 0.2 and the other at 0.2 + ∆T . Comparison
can be drawn with the equilibrium situation (Fig 3). In
non-equilibrium case, the quantum discord and classical
correlation no longer approach to zero as we increase the
average temperature. This is noticed from the the solu-
tion B 1 that the non-vanishing coherence term in energy
basis limT→∞ ρ23 = ig to the leading order will give the
non-vanishing coherence term in the local basis. In the
equilibrium situation, the coherence term vanishes com-
pletely in the high temperature limit. This suggests that
the quantum nature of the system will remain as the
temperature of one of the bath becomes high. The en-
tanglement will still disappear at finite temperature bias.
The rise and decay of the quantum correlations can be
understand through the effective temperature defined in
V.3. As ∆ T increases, the effective temperature to the
leading order Teff = T1 +∆T/2 increases, and we can re-
fer the increase and decrease of the quantum correlations
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to the equilibrium case discussed in the last section.
When we relax the condition g = Γω′1−ω′2  1 and
set the tunneling rate small, e.g. ∆ = Γ = 0.05, the
coherence term ρ23 ∝ g = Γ2∆ in the leading order is
not anymore negligible. On the other hand, the energy
gap between the two non-local eigenstates is small and
the two states are almost equally populated. The con-
sequence is, the populations on the non-local states will
not contribute as significantly to the coherence as in the
local basis. We point out that in this case the gener-
ation of quantum correlations no longer come from the
average thermal effect of the reservoirs as in the equi-
librium case, but the energy flow due to the nonequilib-
riumness of the system. The quantum correlations tend
to increase monotonically with nonequilibriumness. E.g.
see Fig 5(c).
In local basis, the coherence is − 12 (ρ22 − ρ33) +=(ρ23)
as given in Appendix A.2, where ρ22−ρ33 is the difference
in population of the two non-local states. In 5(c), as an
example we plot the discord against δT at small tunneling
rate (QMI and CC have similar monotonic trend). The
correlation generated by the average temperature effect
is about when δT=0, which is negligible from the graph.
The emerging correlations as δ increases mainly come
from the unequal temperatures of the two reservoirs.
In Fig 6, we separate the quantum correlations due to
thermal effect, Fig 6(a) and correlations due to nonequi-
libriumness Fig 6(b). Quantum correlations decrease
with increasing average temperature while them become
enhanced as ∆T enlarges. ∆T increases the effective tem-
perature Teff , which play a negative role to the quan-
tum correlations. The quantum correlations increase
monotonically. Qualitatively it can be understood as fol-
lows. As the coupling between the two sites gets weaker,
the local states become approximate energy eigenstates.
Therefore, the thermal correlations generated by the tem-
perature (or chemical potential for the fermionic case) of
reservoirs are negligible. The temperature bias also en-
ables a nonzero quantum flux inside the system from the
high temperature site to the low temperature site and
contributes to the coherence of the system.
B. Fermionic Reserviors
1. Analytic solution
The solution of the steady state density matrix for the
system in fermionic baths up to the leading order is given
as
ρ11 = (1− n1p/2)(1− n2p/2) +O(g2)
ρ22 = (n1p/2− (n1pn2p)/4) +O(g2)
ρ33 = (n2p/2− (n1pn2p)/4) +O(g2)
ρ44 = (n1pn2p)/4 +O(g2)
ρ23 = −i(n1m + n2m)g/2 +O(g2),
(V.4)
QMI
QD
0.2 0.3 0.4 0.5 0.6 0.7
0.0000
0.0005
0.0010
0.0015
Discord Vs T
(a) QD/QMI Vs T
T1 = T2 +ΔT
T2 = 0.5 QMI
QD
0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.000
0.001
0.002
0.003
0.004
0.005
0.006
0.007
Discord Vs ΔT
(b) QD/QMI Vs ∆T
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∆ = 0.05. (a) Discord and QMI Vs T in equilibrium.
Both peaks occur at T < 0.5. (b) Discord and QMI Vs
∆T at T2 = 0.5.
ni,p/m = n(ω
′
i, T1, µ1)±n(ω′i, T2, µ2) and n(ω′i, Tj , µj) fol-
lows Fermi-Dirac distribution. The bosonic bath solution
has very limited range of applicability due to the non-
compactness of occupation number ni(T ). The higher
order terms involved which has cubit terms of ni(T ) can
easily surpass the leading order. The fermionic occupa-
tion has a compact range and the solution still remains
a good approximation even when the temperature or the
chemical potential is large.
As we notice, the fermionic bath solution, like the
bosonic reservoir case, can also approximate the equi-
librium solution with ni replaced by ni,p. We can
define n(ω′i, Ti,eff , µi,eff ) = ni,p/2 = (n(ω
′
i, T1, µ1) +
n(ω′i, T2, µ2))/2, imitating what we did for the bosonic
case. Since |T1,eff − T2,eff |/Ti,eff  1 and |µ1,eff −
µ2,eff |/µi,eff  1 usually hold except in extreme con-
ditions, the population terms approximately return to
the equilibrium solution with effective temperature and
chemical potential defined. What captures the essence of
nonequilibrium effect is the appearance of the coherence
term ρ23, which is related to the breaking of equilibrium-
ness.
2. Quantum correlations at large tunneling rate
Large tunneling rate results in the large splitting be-
tween the two non-local eigenstates. As a result, the
coherence ρ23 in the energy representation is small, see
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Figure 7: Nonequilibrium fermionic reservoirs. (a) QMI Vs ∆T. From bottom to top, µ1 = µ2=0, 0.2, 0.35, 0.5. The
temperature T1 is fixed at 0.2. (b) The ”rainbow” diagram of QMI Vs temperature with T1 set to 0.1, 0.12, 0.15,
0.17, 0.2, 0.3. Here µ1 = µ2 = 0.35. (c) CC(green), discord(blue), concurrence(red) and QMI(orange) Vs ∆T with
T1 = 0.2. µ1 = µ2 = 0. For all, the parameters are set to ∆ = 0.3, Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
solution V.4. In this case, the two reservoirs are approxi-
mately one with temperature Teff and chemical potential
µeff . At zero or very low chemical potential, the quan-
tum correlations behave similarly to that of the bosonic
environment as explained in the equilibrium section, see
Fig 7. As the chemical potential increases, the system
deviates from the bosonic bath case. Chemical potential
describes the tendency of the reservoirs to give or admit
an electron. Since the reservoirs can give electrons to the
system and accept electrons from it, tuning chemical po-
tential can give arise to the more efficient particle inputs
or outputs to or from the system. This can be seen by
comparing the magnitude of the correlations in Fig 5(a)
and Fig 7. As the chemical potential increases, the corre-
lations reach their maxima at lower and lower tempera-
tures until zero. We witness such change of monotonicity
with the increasing of chemical potential, see Fig 7(a,b).
When raising the temperature of one of the reservoirs,
we effectively increase the average effective temperature
of the system. The fermion occupation number at the
site in contact with the hotter bath increases and through
the inter-site tunneling, the system gets more correlated.
As the chemical potential becomes higher, the tempera-
ture tends to erase the already optimized quantum cor-
relations. The maximal point shifts to lower and lower
temperatures until it reaches zero, Fig 7(a). When the
effective temperature becomes higher, energy gap that
distinguishes a local state from the non-local state is
washed out. The state becomes more local and quantum
correlations decay, see Fig 7(a,b,c). Fig 7(c) shows the
non-monotonic behavior of the four correlation measures.
Quantum entanglement vanishes at finite temperature
bias, the other three correlations asymptotically reach
a nonzero value due to the finite coherence caused by the
current of particles. The nonzero asymptotic value of
correlations was explained in the bosonic reservoir case,
for chemical potential bias (see Fig 10(a)), it creates an
imbalance in the occupation numbers on the two ends,
and also contribute to the coherence V.4.
When ∆/Γ  1, we can refer to the approximate
solution V.4. When the temperatures of the reservoirs
are fixed, a redefinition n(ω′i, Ti,eff , µi,eff ) ≡ ni,p/2 =
(n(ω′i, T1, µ1) + n(ω
′
i, T2, µ2))/2 will return the solution
back to the equilibrium case, except for the coherence
term which is of higher order in the expansion of g =
Γ
ω′1−ω′2 . With chemical potential of one of the reser-
voirs fixed, increasing chemical potential bias equiva-
lently raises effective average chemical potential of the
two reservoirs. This explains why increasing chemical
potential bias has the similar effect to the system as in-
creasing the chemical potential in the equilibrium case,
Fig 10(a) and Fig 8(a). When the reservoirs have very
high chemical potential the sites are almost fully occu-
pied, the tunneling of fermions stops and quantum cor-
relations are degraded.
3. Entanglement and the transition point
On the other hand the entanglement can still vanish to
zero in an abrupt manner if we tune the chemical poten-
tial of one of the reservoirs, though in equilibrium case it
decays in a smooth exponential way. As shown Fig 8(a),
when µ1 is small, concurrence dies at finite bias. However
a transition is noticed that when the chemical potential
µ1 reaches some critical value, the entanglement will no
longer witness the sudden disappearance if µ1 is larger
than the value. In fact, it will remain finite no matter
how we tune the chemical potential of the second reser-
voir. This discontinuity in the asymptotic behavior of
concurrence can be seen in the leading order in the ex-
pansion of Γ/∆. The critical chemical potential above
which concurrence will remain finite can be calculated
by requiring
lim
µ2→∞
E(β1, β2, µ1, µ2) > 0, (V.5)
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Figure 8: Transition of quantum entanglement. (a) Concurrence Vs ∆µ with µ1 =0.3, 0.5, 0.7, 1 from bottom to
top. T1 = T2 = 0.2. The concurrence will not stay finite when µ1 is lower than a critical value. (b) The concurrence
at ∆µ =∞ with µ1. From left to right, the temperature is set to T1 = T2 =0.1, 0.15, 0.2. For both graphs, the
parameters are set to ∆ = 0.3, Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
where βi = 1/Ti. For the case ω1 = ω2 = ω, this gives us
µ∗ = ω+ ∆− T1 ln (
√
2e4β1∆ − 4e2β1∆ + 2− e2β1∆ − 1),
(V.6)
where ω is the energy of the free excitation of one fermion
and T1 is the temperature of the reservoirs with a finite
chemical potential.
We can check that µ∗ monotonically increases with
temperature T1. The minimal transition potential is
when the temperature T1 = 0, this gives us
µ∗min = ω −∆, (V.7)
which corresponds to the lowest energy of the non-local
state. Notice that µ∗ only has real-valued solution when
T1 is lower than the critical temperature defined as,
Tcritical =
∆
ln(
√
2 + 1)
. (V.8)
This critical temperature is also where the concurrence
vanishes in equilibrium situation as given in the previ-
ous section IV.4. The critical chemical potential is only
dependent on the temperature of the first bath and not
on the second bath which has the higher chemical po-
tential. In Fig 8(b), we plot the asymptotic behavior of
the concurrence with the increase of chemical potential
of one reservoir at different temperatures, where the line
dividing the entangled and unentangled state is for the
T = 0.1. When µ1 is larger than the ω
′
2, though the
system is still entangled, the entanglement rapidly de-
creases, and for µ1  ω′2, the entanglement is essentially
zero.
We should notice that the above result are only valid
when ∆ & Γ. For the parameters under consideration, it
gives a very accurate approximation. But we will see in
the following subsection that when ∆ . Γ, all the conclu-
sions drawn in this subsection is not anymore valid. In
fact, we will see in the next subsection that all the quan-
tum correlations take a different trend when the tunnel-
ing is sufficiently small.
4. Quantum correlations at small and large tunneling rates
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Figure 9: Contributions to the local site coherence from
the population term ρ22 − ρ33(orange) and coherence
ρ23(blue) at (a) large tunneling rate ∆ = 0.3 and (b)
small tunneling rate ∆ = 0.05. For both graphs,
µ1 =0.5, µ2 = ∆µ+ µ1 and T1 = T2 = 0.1.
The nonzero quantum correlations at small tunneling
rate and at large tunneling are due to completely different
mechanisms. The quantum correlations at high tunnel-
ing arises from the occupation number on the non-local
states, while that at low tunneling rate mainly comes
from the coherence in the energy eigenstates, see Fig 9.
The coherence in the local basis comprises of two terms,
the populations in non-local basis ρ22−ρ33 and coherence
ρ23, see A.2. When tunneling rate is small, the coherence
in energy eigenstates becomes a dominant contribution to
the local site coherence as ∆µ gets large. The coherence
terms in the energy basis is only related to the bias of
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(b) QD/QMI Vs ∆µ at small tunneling rate
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(c) Concurrence Vs ∆µ at small tunneling
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Figure 10: (a) Quantum discord (orange) and QMI (blue) Vs ∆µ. ∆=0.3. (b)QD (orange) and QMI (blue) Vs ∆µ.
∆ = 0.05. For (a) and (b), T1 = T2 = 0.2, µ1 = 0.5. (c) Entanglement Vs ∆µ at ∆=0.05. (b) Entanglement Vs ∆µ
at ∆ = 0.3. For (c) and (d), T1 = T2 = 0.03 is the blue line, T1 = T2 = 0.1 is orange, and µ1 = 0.5.
the two reservoirs not the average of the two (see B 2).
In the previous sections, we provide a more mathemat-
ical understanding of quantum correlations at small ∆ by
looking at the density matrix and the basis transforma-
tion given in Appendix A.2. Here we give a more physical
argument. Let τS ≈ 1ω1′−ω2′ be the typical time scale that
characterizes one fermion traveling between site S1 and
S2. When the tunneling rate is small, i.e. ∆ < Γi, τS is
longer than the time of the system-reservoir interaction
τSR ≈ 1Γ . Intuitively, it means that the communication
within the system is slower than that between the reser-
voirs and system. In this case, each site is approximately
in equilibrium with its reservoir. When the chemical po-
tential bias increases, the two sites start to communicate
and correlation increases. But this easily saturate as ∆µ
increases further and the correlation remains at a con-
stant value Fig10(b). The discussion of energy current is
provided in Appendix C.
With the above argument, we would naively expect
stronger correlation within the system with the increase
of chemical potential bias, but this is not always true
as we have seen in the previous discussions. When the
tunneling rate of the system is very large, i.e. ∆ >>
Γi. The tunneling time of the system is negligible, i.e.
τS ≈ 1ω1′−ω2′ << τSR. In this case, the two fermion sites
can effectively be treated as one system coupled with the
two reservoirs simultaneously. The site can no longer be
viewed as in approximate equilibrium with the reservoirs.
A high chemical potential bias will boost a large energy
flux between the sites, and due to the conservation of
flux, a rapid interaction between the system and the en-
vironment. This leads to the loss of quantum coherence
(see Fig 10(a)). The saturation of the current due to the
finite system-environment interaction allows the correla-
tions non-vanishing asymptotic values.
We should remark that the quantum correlations at
small tunneling provides another view of the nonmono-
tonicity of the quantum correlations. It is a zoomed-out
view of the large tunneling scenario, see Fig 10(c,d). The
up-and-down trend of quantum correlations in the mod-
erate tunneling ∆ = 0.3 case corresponds to the zooming
in of the peak near resonance, but the global picture of
monotonically increasing trend is overshadowed. In fact,
the large tunneling also changed the picture qualitatively.
As we see, the peak at ∆µ = 0.5 in Fig 10(c) blue line
is expanded into a plateau in Fig 10(d). As an exam-
ple we plotted the concurrence, for QD and QMI the
curves look very similar, and the concurrence graph is
sufficient for our analysis. The peak corresponds to the
range of resonance [1−∆, 1 + ∆], where the environmen-
tal chemical potential matches the energy of the system.
As we increase the temperature, all the sharp turnings
are smoothed out, and we have a smooth monotonically
increasing curve at small tunneling and a bell-like curve
at a larger tunneling that appeared in the last subsec-
tion. Notice from comparing Fig10(a) and (b), lowering
the tunneling rate can in fact increase the correlations at
large ∆µ.
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5. Transition from small to large tunneling rates at finite
temperature
For the small tunneling, quantum correlations show
a monotonic increase trend with the chemical potential
bias, except for a local peak boosted by the resonance,
which can be annihilated by the temperature of the reser-
voirs. For the large tunneling rate, QMI, QD, CC decay
monotonically after the peak, and the entanglement dies
at finite potential bias. What is the boundary between
these two different behaviors? We can estimate it by the
following. At small tunneling rate, the quantum corre-
lations increase monotonically with nonequilibriumness
instead of following the transition rule given in V.7. We
require that the entanglement at infinite chemical poten-
tial bias is nonzero even for arbitrarily small µ1, i.e.
E(T1 → 0, T2, µ1 = , µ2 =∞) > 0, (V.9)
for arbitrarily small  and finite T2. Use the exact solu-
tions given in Appendix B 2, and we arrive at the critical
tunneling rate
∆∗ = 2Γ. (V.10)
For Γ = 0.05, ∆∗ = 0.1. Roughly speaking, when ∆ is
larger than 2Γ, the quantum correlations are dominated
by the resonance behavior. When ∆ < 2Γ, the quantum
correlations are more dominated by the coherence caused
by the nonequilibriumness and increase as the nonequi-
libriumness enhances. What about when ∆ ≈ 2Γ?
When ∆ ≥ 2Γ, the entanglement is strictly zero af-
ter a finite nonequilibriumness is achieved (for example
when chemical or temperature bias reaches some certain
value). When ∆ . 2Γ however, the entanglement dies
at finite chemical potential bias, but it resurrects later a
small period as the bias keeps increasing. After that, it is
dominated by the nonequilibrium coherence, and mono-
tonically increases to an asymptotic value, see Fig 11(a).
Raising the temperature of (one of) the reservoir(s) will
result in the disappearance of resonance peak from the
graph Fig11(b), and the entanglement is only seen as the
chemical potential bias reaches some certain threshold
value. As to the quantum discord and mutual informa-
tion, they do not decay to exact zero with the increase
of chemical potential bias as the quantum entanglement
does, thus, it does not have the similar dramatic quali-
tative changes in the intermediate tunneling region. For
discord and mutual information, this intermediate tun-
neling rate region roughly corresponds to the boundary
whether the correlations at an arbitrarily low temper-
ature will rise to some noticeable value after the post-
resonance dip or decay monotonically. Such change of
behaviors can be seen from Fig12.
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(a) Resurrection of entanglement near the critical
tunneling rate.
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Figure 11: Resurrection and appearance of
entanglement at a finite ∆µ. For (a), T1 = T2 = 0.1.
For (b), T1 = 0.1, T2 = 0.1. For both, ∆=0.08,
Γi=0.05, µ1 = 0.5 and µ2 = µ1 + ∆µ.
6. Energy current perspective and extremely low
temperature situation
Temperature smooths out the energy spectrum of the
particles, adds disorder to the system and kills entangle-
ment at finite temperature. At very low temperature, en-
ergy current provides another perspective to understand
the change of quantum correlations. At extremely low
temperature, the system can only accept a particle when
the chemical potential of the system reaches the energy of
an eigenstate, and the current is not anymore smooth, see
Fig 12. At large tunneling ∆, e.g. when ∆ = 0.3, the two
corresponding energy eigenvalues are 0.7 and 1.3. The
energy current jumps to higher values when µ2 reaches
the corresponding energies, and stays constant at other
places. The plateau of the discord corresponds to when
the chemical potential of the second reservoir reaches
the energy of the first non-local state. The step-down
of quantum discord corresponds to where the chemical
potential is greater than the energies of both non-local
eigenstates. The system is approximately in fully occu-
pied state. Due to the large energy gap, there is little
coherence between the two energy levels, and quantum
discord decays dramatically after the resonance range.
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As shown in Fig 12 (b), the quantum discord at large
∆µ is nonzero but negligibly small. In comparison, when
∆ is small, the quantum discord still increases after the
resonance range and its asymptotic value is not anymore
negligible. In fact, when we increase the temperature,
the resonant peak will be washed out (see Fig 10), and
the coherence caused by the nonequilibriumness is the
dominant source of quantum correlations of the system.
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Figure 12: Discord (orange) and energy current (blue)
at large and small tunneling rates. (a) ∆ = 0.05. (b)
∆ = 0.3. For both plots, T1 = T2 = 0.03 and µ1 = 0.5.
VI. REMARKS AND CONCLUSION
In this paper, rich phenomena of quantum correla-
tions at various tunneling rates, temperatures and chem-
ical potentials of a two-fermion system are explored and
discussed. The quantum correlations at low tunneling
rates mainly come from the coherence in the energy
eigenstates, while the correlations at large tunneling rate
mainly are from the occupation number on the non-local
states. The two extremes render the quantum correla-
tions qualitatively different behaviors. For the fermionic
reservoirs, when the chemical potential is increased to-
wards the resonance value, quantum correlations increase
accordingly. And when the chemical potential increased
further, it moves away from the resonant potential and
the correlations decreases. But this study alone ignores
altogether the global picture of the nonequilibrium ef-
fects, and is a zooming in of the near peak behavior of
Fig 10(a). When the tunneling rate is small, the nonequi-
librium effects, which contribute to the quantumness of
the system is not anymore negligible. Quantum correla-
tions show a globally increasing trend with the bias of
chemical potential or temperature. The transition be-
tween the two happens at ∆/Γ = 2, where quantum
correlations may show a resurrection with the increase
of the breaking of equilibriumness, for example chemical
potential bias.
To recapitulate, we explicitly showed that entangle-
ment can be larger than the quantum discord in an open
system, which suggests that the interpretation of quan-
tum discord as essentially the entanglement with bunch
of other quantum correlations is not faithful. In the equi-
librium case, the quantum correlations of the system be-
have non-monotonically with respect to the temperature
at small µ. When µ is above the energy of the lowest
nontrivial state, the temperature can only diminish the
quantum correlations of the system. The system har-
nesses the most amount of quantum correlation when it
is immersed in the fermionic reservoirs and the chem-
ical potential is close to the resonance. When moving
away from the resonant chemical potential range, quan-
tum correlations decay exponentially.
In the nonequilibrium situation, the temperature bias
and chemical potential bias both contribute to the co-
herence of the system. At extremely small tunneling
case, the nonequilibrium contribution dominates the co-
herence in the local representation. Quantum correla-
tions increase monotonically with the asymmetry of the
two reservoirs. When the tunneling rate ∆ between two
sites is much larger than the system-environment cou-
pling, quantum correlations depend non-monotonically
on ∆µ and decay in an asymptotic manner. Unlike the
other correlations, the quantum entanglement dies at fi-
nite temperature bias. Furthermore, entanglement does
not necessarily vanish with the increase of chemical po-
tential bias. It either suffers a ”sudden death” at a fi-
nite chemical potential bias or instead asymptotically ap-
proaching a non-zero value depending on the value of µ1.
We gave the expression of the critical chemical poten-
tial for the leading order. When the tunneling strength
and the site-environment coupling strength are compa-
rable, we notice the resurrection of the entanglement as
the asymmetry of the two reservoirs enlarges.
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Appendix A: Matrix elements of the master equation
The quantum master equation was solved in the energy eigenbasis. With the definition of basis transformationII.22,
the density matrix in the energy eigen basis can be transformed to the local basis by a unitary transformation given
as follows,
ρlocal = UρU
† =
ρ11 0 0 00 c2ρ22 − cs(ρ23 + ρ32) + s2ρ33 −csρ22 + s2ρ23 − c2ρ32 + csρ33 00 −csρ22 − c2ρ23 + s2ρ32 + csρ33 s2ρ22 + cs(ρ23 + ρ32) + c2ρ33 0
0 0 0 ρ44
 (A.1)
where c = cos(θ/2) and s = sin(θ/2) are transformation angles defined in II.4. When ω1 = ω2, the above transforma-
tion takes a simpler form
ρlocal = UρU
† =

ρ11 0 0 0
0 12 (ρ22 + ρ33)−<(ρ23) − 12 (ρ22 − ρ33) + =(ρ23) 0
0 − 12 (ρ22 − ρ33)−=(ρ23) 12 (ρ22 + ρ33) + <(ρ23) 0
0 0 0 ρ44
 . (A.2)
The operator form of master equation II.12 can be written in terms of its energy eigen basis, and this gives a matrix
equation. Here, we give the matrix elements of the differential equations. With the basis defined in II.22, the master
equation II.12 is equivalent to the following form,
d
dt
ρij =
∑
lk
M lkij ρlk. (A.3)
In the above energy eigenbasis, the nonzero matrix elements M lkij for bosonic reservoirs is given as follows,
M1111 = −2(Γ1(s2nT11 + c2nT21 ) + Γ2(c2nT12 + s2nT22 )), (A.4)
M2211 = 2Γ1(s
2nT11 + c
2nT21 ) + 2Γ1, (A.5)
M3311 = 2Γ2(c
2nT12 + s
2nT22 ) + 2Γ2, (A.6)
M2311 = M
32
11 = sc (Γ1(n
T1
1 − nT21 ) + Γ2(nT12 − nT22 )), (A.7)
M1122 = M
22
11 − 2Γ1, (A.8)
M2222 = M
11
11 − 2Γ1, (A.9)
M4422 = M
33
11 , (A.10)
M2322 = M
32
22 = −M2311 + 2Γ1(nT11 − nT21 ), (A.11)
M1133 = 2Γ2(c
2nT12 + s
2nT22 ), (A.12)
M3333 = M
11
11 − 2Γ2, (A.13)
M4433 = M
22
11 , (A.14)
M2333 = M
32
33 = −M2322 , (A.15)
M2244 = M
11
33 , (A.16)
M3344 = M
11
22 , (A.17)
M4444 = −M2211 −M3311 , (A.18)
M2344 = M
32
44 = −M2311 , (A.19)
M1123 = M
23
11 , (A.20)
M2223 = −M2322 , (A.21)
M3323 = M
23
22 , (A.22)
M4423 = −M2311 , (A.23)
M3223 = M
11
11 − Γ1 − Γ2 + i(ω′2 − ω′1). (A.24)
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And for all l, k, M lk32 = (M
lk
23)
∗. The rest of the matrix elements are zero. The other off-diagonal terms are uncoupled
to the population density matrix elements, and thus disappear in the steady state due to the decoherence.
For fermionic reservoirs, the nonzero matrix elements M lkij are
M1111 = −2(Γ1(s2nT11 + c2nT21 ) + Γ2(c2nT12 + s2nT22 )), (A.25)
M2211 = −2Γ1(s2nT11 + c2nT21 ) + 2Γ1, (A.26)
M3311 = −2Γ2(c2nT12 + s2nT22 ) + 2Γ2, (A.27)
M2311 = M
32
11 = −sc
(
Γ1(n
T1
1 − nT21 ) + Γ2(nT12 − nT22 )
)
, (A.28)
M1122 = −M2211 + 2Γ1, (A.29)
M2222 = −M2211 +M3311 − 2Γ2, (A.30)
M4422 = M
33
11 , (A.31)
M2322 = M
32
22 = −M2311 , (A.32)
M1133 = 2Γ2(c
2nT12 + s
2nT22 ), (A.33)
M3333 = M
22
11 − 2Γ1 −M3311 , (A.34)
M4433 = M
22
11 , (A.35)
M2333 = M
32
33 = −M2311 , (A.36)
M2244 = M
11
33 , (A.37)
M3344 = M
11
22 , (A.38)
M4444 = −M2211 −M3311 , (A.39)
M2344 = M
32
44 = M
23
11 , (A.40)
M1123 = M
22
23 = M
33
23 = M
44
23 = −M2311 , (A.41)
M3223 = −Γ1 − Γ2 + i(ω′2 − ω′1). (A.42)
M lk32 = (M
lk
23)
∗ for all l, k and the rest of the matrix elements are zero.
Appendix B: Solution of Nonequilibrium Master equations
In the Nonequilibrium Situation section, we gave the solution for the master equations up to the leading order for
the convenience of analysis. Here, we present the exact solutions which are useful for checking our numerical results
and when the order expansion is not applicable.
1. Solution of bosonic reservoirs
In the energy eigenbasis, density matrix of the nonequilibrium steady state for bosonic environment is given as
follows,
ρ11 =
1
N
{
Γ2
[
16 + 3n22m + 24n2p + n
3
1p(2 + n2p) + 2n
2
1p(2 + n2p)(3 + n2p) + n
2
1m(3 + n1p + n2p)−
n1mn2m(10 + n
2
1p + 2n1p(3 + n2p) + n2p(6 + n2p)) + n2p(n
2
2m + 2n2p(6 + n2p))+
n1p
(
n22m + (2 + n2p)
2(6 + n2p)
)]
+ (2 + n1p)(2 + n2p)ω
′2
12
}
ρ22 =
1
N
{
g2
[
n31p(2 + n2p) + 2n
2
1p(2 + n2p)
2 − n22m(3 + n2p) + n21m(1 + n1p + n2p) + n1p(−n22m + (2 + n2p)3)−
n1mn2m
(
2 + n21p + 2n1p(2 + n2p) + n2p(4 + n2p)
)]
+ n1p(2 + n2p)ω
′2
12
}
ρ33 =
1
N
{
Γ2
[
n22m(1 + n1p + n2p)− (2 + n1p)n2p(2 + n1p + n2p)2 + n21m(3 + n1p + n2p)+
n1mn2m
(
2 + n21p + 2n1p(2 + n2p) + n2p(4 + n2p)
)]
+ (2 + n1p)n2pω
′2
12
}
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ρ44 =
1
N
{
Γ2
[
n1pn2p(2 + n1p + n2p)
2 − n21m(1 + n1p + n2p)− n22m(1 + n1p + n2p)−
n1mn2m
(
2 + n21p + 2n1p(1 + n2p) + n2p(2 + n2p)
)]
+ n1pn2pω
′2
12
}
ρ23 =
1
N
{
2Γ2(2 + n1p + n2p)(n1m + n2m + n1pn2m + n1mn2p)−
− 2iΓ(n1m + n2m + n1pn2m + n1mn2p)ω′12}
where normalization factor is N = 4Γ2(2 + n1p + n2p)
2(1 + n1p − n1mn2m + n2p + n1pn2p)− 4(1 + n1p)(1 + n2p)ω′212,
nip = n(ω
′
i, T1) + n(ω
′
i, T2), nim = n(ω
′
i, T1)− n(ω′i, T2) with i=1,2 and ω′12 = ω′1 − ω′2
2. Solution of fermionic reservoirs
In the fermionic reservoirs, the density matrix of the nonequilibrium steady state in the energy eigenbasis is laid
down as the follows,
ρ11 =
1
M
{Γ2(4(2− n1p)(2− n2p)− (n1m + n2m)2) + (2− n1p)(2− n2p)ω′212}
ρ22 =
1
M
{Γ2((n1m + n2m)2 + 4n1p(2− n2p)) + n1p(2− n2p)ω′212}
ρ33 =
1
M
{Γ2((n1m + n2m)2 + 4(2− n1p)n2p) + (2− n1p)n2pω′212}
ρ44 =
1
M
{Γ2(4n1pn2p − (n1m + n2m)2) + n1pn2pω′212}
ρ23 =
1
M
{4Γ2(n1m + n2m)− 2iΓ(n1m + n2m)ω′12},
where normalization factor M = 4(4Γ2 + ω′12
2
), nip = n(ω
′
i, T1, µ1) + n(ω
′
i, T2, µ2), nim = n(ω
′
i, T1, µ1)− n(ω′i, T2, µ2)
with i=1,2 and ω′12 = ω
′
1 − ω′2.
Appendix C: Energy current
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Figure 13: Energy current at ∆ = 0.05 (blue) and 0.3 (orange). T1 = T2 = 0.2, µ1 = 0.5, µ2 = µ1 + ∆T,Γ1,2 = 0.05.
The appearance of constant energy current is one of the features of the nonequilibrium system. The energy flow in
our case is from one reservoir of higher potential or temperature to the system and then to the reservoir with lower
potential or temperature. The definition of energy current is the following. The master equation in II.12 can be
decomposed in the following form,
ρ˙S(t) = i[ρS , HS ]−D0[ρ]−Ds[ρ] = i[ρS , HS ] +
∑
i=1,2
Di[ρ] (C.1)
where Di[ρ] is the dissipator in contact with the i
th reservoir. The steady state energy current is defined as [41, 45, 47]
Ji = Tr{Di[ρss]HS}, (C.2)
21
where the index i means that the current flows from the ith reservoir to the system. In the steady state, the incoming
energy current and the outgoing energy current have to balance out, i.e. J1 = −J2. Therefore, without loss of
generality, we will only calculate J1.
The explicit expression for J1 is given as below. For bosonic reservoir,
J1 =− 2ω′1Γ1s2[(1 + nT11 )(ρ22 + ρ44)− nT11 (ρ11 + ρ33)]− 2ω′2Γ2c2[(1 + nT12 )(ρ33 + ρ44)− nT12 (ρ11 + ρ22)]−
− ω′2Γ1sc [(1 + nT11 )(ρ22 + ρ33)− nT11 (ρ22 + ρ33)]− ω′1Γ2sc [(1 + nT12 )(ρ22 + ρ33)− nT12 (ρ22 + ρ33)]. (C.3)
For fermionic reservoir,
J1 =− 2ω′1Γ1s2[(1− nT11 )(ρ22 + ρ44)− nT11 (ρ11 + ρ33)]− 2ω′2Γ2c2[(1− nT12 )(ρ33 + ρ44)− nT12 (ρ11 + ρ22)]−
− ω′2Γ1sc (ρ22 + ρ33)− ω′1Γ2sc (ρ22 + ρ33), (C.4)
where all ρij ’s above are elements of density matrix in energy basis.
As an example, we plot the current with the change of chemical potential bias in fermionic reservoir case. The
current saturates at a lower value when the tunneling between sites is smaller, see Fig13.
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